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On the Landau Description of 
the Reentrant Behavior 
in Liquid Crystals? 
N. A. P. VAZS and J. W. DOANE 
Department of Physics and Liquid Crystal Institute, Kent State University, 
Kent, Ohio 44242 

( Received March 10, 1983) 

A Landau description of the reentrant nematic phase transition has been proposed by 
Cladis assuming a temperature dependent coupling between the nematic and smectic 
order parameters. In this paper it is shown that the reentrant phase transition can be 
driven by a temperature independent coupling between the nematic and smectic order 
parameters by removing some of the simplifications made by Cladis on the form of the 
expansion of the free energy excess in terms of the order parameters. A comparison of 
the results with experimental phase diagrams obtained for mixtures of some cyano- 
biphenyls, suggests that the coupling should, however, exhibit a weak temperature 
dependence. The possibility of double reentrancy is also discussed in this theoretical 
framework. 

INTRODUCTION 

Since 1975 when reentrant phase transitions were first observed to 
occur in liquid crystalline materials' several theories for the nematic- 
smectic A-nematic sequence of phase transitions, viz the reentrant 
nematic polymorphism, have now been proposed. Among them there 
are phenomenological2- ' and microscopic8-" theories. Although some 
of have been successful in describing also the double reen- 

$Work supported in part by the National Science Foundation, Solid State Chemistry 
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grant DMR82-04342. 
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36 N. A. P. VAZ AND J. W. DOANE 

trancy phenomena,12 i.e. the nematic-smectic A-nematic-smectic A 
mesomorphic polymorphism, the understanding of the reentrancy 
behavior in liquid crystals may still be far from being definitive. One 
reason is that the class of materials for which reentrant phase transi- 
tions may occur is not yet firmly established. In fact, while in the 
earlier work reentrancy was observed only in materials made up of 
molecules possessing a strong terminal polar group, Demus and col- 
laborators have recently discovered a reentrant nematic phase in 
binary systems of terminal nonpolar compounds.” 

It is therefore natural to expect that, at present, phenomenological 
theories may still provide valuable insight into the understanding of 
the reentrant phenomena despite the fact that they give little clues as 
to the nature of the intrinsic molecular forces responsible for the 
reentrant behavior. 

In this paper we wish to elucidate some aspects of the Landau 
theory which has been applied by Cladis to describe the reentrant 
nematic phase transition.’ In her work, Cladis was successful in 
predicting the onset of this reentrant phase transition as a result of a 
coupling between the nematic and smectic order  parameter^.^ How- 
ever, some simplifications on the form of the excess free energy 
expansion in terms of the order parameters were made which, as a 
result, lead to the requirement that the coupling constant between the 
nematic and smectic order parameters should be temperature depen- 
dent in order to be able to minimize the free energy excess of the 
reentrant phase. 

By using a more suitable expansion of the free energy excess in 
terms of the order parameters, we will show that the reentrant phase 
transition can be driven by a temperature independent coupling 
between the nematic and smectic order parameters. A weak tempera- 
ture dependence of the coupling constant may still be assumed but 
now as a means of producing a better overall agreement between 
theory and experiments, particularly when these are performed using 
materials with molecules possessing strong terminal polar groups. 

In particular, comparison of the theoretical predictions with experi- 
mental results (phase diagrams) obtained for a binary mixture of 
80CB (octyloxycyanobiphenyl) and 60CB (hexyloxycyanobiphenyl) to 
which a chiral material, CE2, has been added in different amounts 
(0-12 wtW) indicate that the coupling constant should exhibit a weak 
temperature dependence. 

The possibility of describing double reentrancy in this framework of 
the Landau theory is also discussed. 
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LANDAU DESCRIPTION OF REENTRANT BEHAVIOR 37 

THEORY 

Withn the usual framework of the Landau theory of phase transitions 
in liquid crystals, the difference between the free energy per unit mass 
of the nematic and smectic phases and the isotropic phase, A F = FN 
+ Fs - F, is expanded in a power series of the (scalar) nematic order 
parameter, Q, and the (scalar) smectic order parameter, 4. In this 
context the cholesteric phase is suitably described by the same order 
parameter Q that is associated with the nematic orientational order. 
Therefore, in what follows, the use of the terms nematic and choles- 
teric should be considered interchangeable. 

Considering a first-order isotropic to nematic phase transition and 
assuming a second-order nematic to smectic A phase transition as 
some experimental work has s~pported, '~ the leading terms in the 
expansion of the free energy excess are: 

AF = $aQ2 + )PQ3 + +ye4  + + ib4' 

where a = ao(T - TNI) and a = a,(T - TNA) with T N I  and T N A  

denoting the isotropic to nematic and nematic to smectic A transition 
temperatures. 

is a negative 
constant as is required to ensure a first-order isotropic to nematic 
phase transition. 

Eq. (1) differs from that postulated by Cladis3 in that we have 
included a term in Q' as full symmetry considerations require. Al- 
though the inclusion of this term leads to a somewhat more com- 
plicated analytical calculation of the transition temperatures, it will be 
shown that it is responsible for some qualitative differences in the 
interpretation of the onset of the reentrant phase. 

Assuming now a coupling between the nematic and smectic order 
 parameter^,^ we add, in first approximation, a new term to the free 
energy excess expressed by Eq. (1): 

The coefficients ao, y, a,  and b are positive while 

AF = +aQ2 + fPQ' + $ y e 4  + f a # 2  + f b q 4  + fqQ2J/2  (2) 

where q is the coupling constant, Since we are interested in describing 
reentrant phase transitions exhibited by mixtures of liquid crystals at 
constant pressure, we define 1 as a function of the relative concentra- 
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38 N. A. P. VAZ AND J. W. DOANE 

tion of one of the components, say y ,  by the following equation: 

71 = q o ( Y  - Y o )  (3) 

where yo is a fitting parameter. 
Once the free energy excess has been postulated, Eqs. (2) and (3), 

the remaining task is to find the equilibrium solutions for Q and J/ and 
calculate the phase boundaries. The values of the order parameters 
below the isotropic phase transition are obtained by minimizing A F 
with respect to Q and $I. Excluding the trivial solution we get a pair of 
coupled equations: 

CY + /3Q + yQ2 + qJ/' = 0 

a + bJ/ + qQ2 = 0 (4) 

which have a solution: 

q2 = - ( u + qQ2) /b  

where a' = (Y - aq/b and y' = y - q2/b.  In order to ensure that this 
solution is stable it is required that AFQQAF++ - (AFQ+)2 > 0 where ej denotes the second partial derivative of AF with respect to i ,  j = 
Q, J/. The stability criterion is then y' > 0 or, equivalent, q2 < by; in 
other words, the solution is stable in the weak coupling l i t .  

Since we are assuming a second-order nematic to smectic A phase 
transition, the phase boundary that delineates the temperature range 
of the smectic A phase is simply given by a + qQ2 = 0 where a = 
UO(T;A - T N A) and Q is determined from Eq. (Sa) for T = T&. T& 
is the renormalized TNA transition temperature due to the coupling 
between the order parameters; clearly, if T& I T N A  then q s 0 and if 
TGA > T N A  then q < 0. Since we have introduced the coupling as a 
means of describing the occurrence of the reentrant nematic phase, its 
effect should correspond to favoring the stability of the nematic phase 
over that of the smectic phase.3 This case corresponds to choosing a 
positive value for q and T& 5 TNA. 

Incidentally, de Gennes" had already discussed the possibility of a 
coupling between the nematic and the smectic order parameter, though 
in a different context (actually before the reentrant phase transitions 
were discovered in liquid crystals). However, with the form of the 
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LANDAU DESCRIPTION OF REENTRANT BEHAVIOR 39 

excess free energy expansion then postulated by de Gennes in which 
the coupling was negative, TNA would not be renormalized if the 
nematic to smectic A phase transition were to be of second-order. 

We will therefore, in what follows, consider only a positive coupling 
between the nematic and smectic order parameters: q > 0, T& I TNA. 

Starting from a + vQ2 = 0, using Eq. (5a) and after some manipula- 
tion the renormalized nematic to smectic A transition temperature, 
TGA, can be shown to be a solution of the following equation: 

In the absence of coupling, q = 0, we get TGA = TNA as it would be 
expected. However, if v # 0, Eq. (6) is a quadratic equation in 
T$A(q). It is interesting to note that although Eq. (6) does not contain 
explicitly the coefficient b, its derivation depends on the inclusion of 
the term bQ3/3 in the free energy excess. 

It is now easy to show that Eq. (6) describes a phase boundary 
containing a reentrant nematic to smectic A phase transition, at least 
within some choice of the material parameters. If we denote 6 = 
( ~ a , / y a , )  a q, E = (#?'/soy), A = T, - TNA > 0 and t = TNA - 
TGA > 0 the solution, t = t ( 6 ) ,  of Eq. (6) is given by: 

t =  { E  + 2A(1 - 6)  f /E[E + 4A(1 - a ) ] } .  (7) 
2(1 - 6)’ 

SinceA6 E = /3*/a,y = 9(T$ - Tc) /2  > 1, where T,* is the transi- 
tion temperature of the first-order isotropic to nematic phase transi- 
tion and 6 > 0, Eq. (7) will describe a reentrant phase transition 
boundary provided that 1 I 6 I 1 + E / ~ A .  Within reasonable limits 
of the material parameters, say E = 4 and A = 10, Figure 1 shows the 
predicted phase diagram. Clearly, scaling factors can be introduced to 
properly adjust the limits of both t and 6. We will not attempt doing 
so, however, for reasons that will be explained later. 

The important feature of Eq. (6), or Eq. (7), is that it predicts a 
reentrant phase transition even when the coupling constant between 
the nematic and the smectic order parameters, q or 6, is temperature 
independent. This feature, as mentioned before, is a direct result of the 
inclusion in the free energy excess of a term proportional to Q3. 

Before comparing these results with the experimental data, we will 
make some remarks on the possibility of describing the double reen- 
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40 N. A. P. VAZ AND J. W. DOANE 

trant phenomena, i.e., a nematic-smectic A-nematic-smectic A poly- 
morphism. Two ways can be envisaged for that purpose: we may 
either [see Eq. (3)] let qo be a suitable function of the temperature or a 
more complicated function of the relative concentration of one of the 
components, or we may include in the expansion of the free energy 
excess higher order terms for the coupling energy between the order 
parameters. The first hypothesis bears little interest since one has no 
simple way of establishing the temperature dependence of lo. How- 
ever, it is instructive to analyze the consequences of including in Eq. 
(2) a coupling term proportional to Q’+*. For the sake of simplicity, 
we may neglect higher order terms in powers of the two coupling 
constants, now q and p. After performing similar calculations to those 
used in deriving Eq. (6), we get: 

(ya - qa)2 + qa(p - ap/2b12 = o (8) 
where, as before, a = aO(TSA - TNA) and a = ao(TSA - TNI). Since 
Eq. (8), which describes the phase boundary of the smectic A tempera- 
ture range, now contains cubic terms in TGA, it will describe a double 
reentrancy at least for suitable values of the material parameters. 

COMPARISON WITH EXPERIMENTAL RESULTS 

The binary mixture 60CB and 80CB is known3*17 to exhibit a reentrant 
nematic phase transition for concentrations of 60CB less than - 28 wt%. In order to easily produce a family of phase diagrams 
exhibiting the reentrant phase we have added to this binary mixture 
4”-(2-methylbu tylphenyl)-4‘-(2-methylbu tyl)-4- biphen ylcarboxylate 
(CE2) in several different concentrations (0-12 wtW). The changes in 
the phase diagram that are produced by the addition of CE2 are 
discussed elsewhere.’* Of interest here is the fact that since CE2 is a 
chiral material, by adding it to a binary mixture of 60CB and 80CB 
the nematic phase becomes twisted; twisted nematic or cholesteric 
phase. The reentrant polymorphism is then that of a reentrant twisted 
nematic (or cholesteric) phase. This is not an inconvenience, however, 
since in the framework of the Landau theory we may consider the 
nematic and the twisted nematic phases indistinguishable; at least for 
the purposes of this paper. 

In Figure 2 (solid dots) we have plotted the experimental data 
concerning the nematic to smectic A phase boundary in the range of 
concentration of 60CB of interest; that for which the reentrant phase 
is observed. The horizontal axis, y, is the relative concentration of 
60CB; y = x/(l - x) where x is the weight percent of 60CB in the 
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LANDAU DESCRIPTION OF REENTRANT BEHAVIOR 41 

binary mixture with 80CB. A simple inspection of Figure 2 shows that 
the data points are approximately described by parabola curves while 
the theoretical curve (Figure 1) shows noticeable different magnitudes 
of the slope of t us S for the normal and the reentrant phase 
transitions. We attempted to fit the data to the region of the curve 
r = t(  6) close to its apex but the fits were still not acceptable. 

In order to improve the fits we could, as mentioned earlier, consider 
more terms on the expansion of the free energy or let qo = q o ( t )  [see 
Eq. (3)]. The latter appears to be a reasonable assumption since, as 
discussed by C l a d i ~ , ~  the coupling constant may be expected to vary 
with temperature. The argument resides on the fact that for mixtures 
of compounds with strong terminal polar groups, pairing of the 
molecules may be an important factor in discussing the stability of the 

t 

204 

101 

J 1 

.09 
l*l0 6 

FIGURE 1 Plot of r = TNA - TGA versus the parameter 6 [see Q. (7)]. S is propor- 
tional to the relative concentration of one of the components in a mixture and TNA and 
TGA are the non-renormalized and renormalized nematic to smectic A transition 
temperatures, respectively. The renormalization is due to a temperature independent 
coupling between the nematic and smectic A order parameters. 
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FIGURE 2 
60CB in 80CB corresponding to the apexes of the fitted curves shown in Figure 3. 

smectic phase in favor of the nematic phase. Since this pairing is 
found to (weakly) change with ternperat~re,~. l9 one may also expect a 
(weak) temperature dependence of q0. 

Assuming that qo a (To - T)/To,  where To is some adjustable 
parameter, we were able to produce good agreement between the 
experimental data and theory (Figure 2, solid lines). The relevant 
parameters that are obtained from the fitting (which contains four 

Plot of the values of the temperature versus the relative concentration of 
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LANDAU DESCRIPTION OF REENTRANT BEHAVIOR 

TABLE I 

Values of the relevant fitting parameters associated with each nematic 
to smectic A phase boundary of a 60CB and 80CB binary mixture 

to which chiral CE2 has been added in different amounts 

43 

CE2 (wtW) 
0 3 6 9 12 

Y a v x  0.385 0.459 0.512 0.659 0.882 
'fa,,( O C) 38.09 37.18 36.14 35.20 34.24 
T,,,,( "C) 66.09 63.72 65.91 66.10 67.14 
Yo -0.327 -0.441 -0.242 -0.196 -0.0738 

adjustable parameters) are given in Table I. In particular, the values 
for the nematic to smectic A transition temperature which are ob- 
tained extrapolating to zero (pure 60CB with CE2) are in good 
agreement with the experimental values determined under the polariz- 
ing microscope. 

In Table I we also show the values of yo [see Eq. (3)] in order to be 
able to argue in favor of the choice of TJ - y - y o  where y is the 
relative concentration of 60CB, instead of - x - xo where x is the 
weight percent of 60CB. Fits made with the later assignment of q give 
values for x o  which change sign with increasing concentration of CE2. 
Since this change in sign does not appear reasonable, we have defined 
TJ - y - yo or, which is equivalent, TJ - N - No where N is the molecu- 
lar ratio 60CB : 80CB. Although this choice is in agreement with that 
of an independent work,20 the matter of a proper choice of the 
parameter describing the relative concentration of the components 
remains an open question. 

Finally, it appears instructive to inspect the relation between the 
values of cpex and Yapex obtained for the family of curves shown in 
Figure 2. We have plotted in Figure 3 the values of Tape, us Yapex given 
in Table I. This figure shows a monotonic decrease of Tape, with 
increasing values of yapex. 

Since we have generated the family of curves by adding different 
but small amounts of CE2 to the binary mixture of 60CB and 80CB, 
we may expect the material parameters to be essentially the same for 
all samples. 

A relation between the values of Tape, and Yapex - Sap,, = 6, can 
then be obtained from Eq. (7): 

S,[E + 2A(1 - a,)] 
Tapex = TNA - 

2(1 - 
, 
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from which it is easy to show that (dT,,,/dS,) > 0 when 1 < 6 I 1 
+ ~ / 4 h ;  but this is in contrast with the experimental results (Figure 
3). By assuming a weak temperature dependence of the coupling 
constant the sign of the relative change of Tapex with SaFx is reversed 
and appears then in qualitative agreement with the experimental 
observations. 

CONCLUSIONS 

We have shown that the nematic reentrant phase transition can be 
described within the framework of the Landau Theory of phase 
transitions as the result of a temperature independent coupling be- 
tween the nematic and smectic order parameters. However, the agree- 
ment between theory and some experimental results is poor. The 
reason is believed as residing on the fact that the compounds used in 

FIGURE 3 Illustrative comparison between the experimentally determined values of 
the nematic to smectic A transition temperatures (solid dots) obtained for a binary 
mixture of 60CB and 80CB to which CE2 has been added in different amounts and 
(solid lines) the fitted curves calculated assuming a temperature dependent coupling 
between the order parameters. y is the relative concentration of 60CB in 80CB (wt% 
60CB/wt% 80CB). 
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LANDAU DESCRIPTION OF REENTRANT BEHAVIOR 45 

the experiments (cyanobiphenyls) have strong terminal polar groups 
which favor a tendency for molecular pairing and, furthermore, that 
this pairing is found to be (weakly) temperature dependent. In this 
case one would expect the coupling between the order parameters to 
be weakly temperature dependent. Assuming a (weak) temperature 
dependence of the coupling, good agreement between theory and data 
was obtained. Further evidence for this assumption is given by the fact 
that the relation between the values of the temperature and concentra- 
tion at the apexes of the nematic to smectic A phase boundary of 
several phase diagrams is only then properly accounted for. 
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